Abstract
Introduction

29
In many practical engineering fields, such as electric power, nuclear energy, aerospace, 30 petrochemical and civil industries, structural components are usually subjected to variable 31 repeated mechanical and thermal loads. On the one hand, for making full use of the 32 load-carrying capability of materials, these structural components are allowed to operate in 33 plasticity state. On the other hand, in order to ensure structures to be safe and serviceable, the 34 applied variable loads cannot be beyond the safety margin, i.e. shakedown domain, so that the 35 structural components cannot fail due to alternating plasticity (low-cycle fatigue) or ratcheting 36 (incremental collapse). Therefore, the shakedown analysis has a wide application prospect 37 because of its important theoretical significance and practical engineering value for 38 strengthening the security of structures and reducing costs. Moreover, the determination of 39 shakedown load or shakedown domain of structures becomes the important task in structural 40 design and integrity assessment. 41 Many designers hope to determine the shakedown limit by the step-by-step incremental 42 elastic-plastic analysis [1, 2] , but for complicated loading history the computation is 43 cumbersome and time-consuming. In addition, the exact loading history is often uncertain in 44 practical situations. The shakedown analysis [3-6] based on the lower bound theorem by 45 Melan [3] and the upper bound theorem by Koiter [4] provides an effective approach to 46 calculating the shakedown limit of structures, where the exact loading history is not 47 concerned but only the bounding box of these loads. Since the two classical shakedown 48 theorems [3, 4] were established, the studies on shakedown analysis have attracted broad 49 attention in structural engineering and academic circles (see Refs.
[5-44]), mainly involving 50 the theoretical extensions [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and development of numerical methods [7, for 51 shakedown analysis. 52 The two classical shakedown theorems rest on the assumptions [5] of perfectly plastic 53 material, associated temperature-independent constitutive laws, small displacement, 54 negligible inertia and creeping effects. In some engineering situations, these assumptions may 55 be unrealistic. To extend the theory to make it applied in more practical applications, some For an elastic body, the elastic stress field is unique to the applied loads of the structure. 158 Thus, the loading domain Ω will produce the unique domain E of the elastic stress at every 159 point of the body. As shown in Fig. 1 , a two-dimensional fictitious elastic domain E with four 160   vertices   1  2  3  4 , , , B B B B is taken as an example. If the applied loads (or the structural stresses) 161 vary within the loading domain Ω (or the fictitious elastic domain E), the structural safety 162 with respect to shakedown can be evaluated by a multiplier  which is called shakedown ε is generated to satisfy the deformation compatibility of the whole 186 body. Then Eq. (5) is written as 187
According to the constitutive law of elastic-perfectly plastic material with the associated 189 flow rule, the stresses and strains are related by: where B is the strain-displacement matrix.
201
Substituting Eq. (6) into (8), the residual stress rate at the Gauss point is written as 202
Since the residual stress rate field   t ρ is self-equilibrated and the strain rate   
We replace the term
which is named as the compensation stress 213
here, and substitute Eqs. (7) and (10) 
where K is the global stiffness matrix of the structure. Then the residual stress for 218 shakedown analysis is calculated by 219
For load vertex i, the total stresses at all the Gauss points in a body are calculated: 221
It should be noted that ti denotes the stress state of the body at the load vertex i. As illustrated 223 in Fig. 2 , the total stress vector OC (   is calculated by the following formulae: 
Then the residual stress rates can be written as 239 
Here, 0 ρ is the updated residual stress rate of the structure for shakedown analysis, and NV
243
denotes the number of vertices within a load cycle. By this way, the equilibrium equations in 244
Eq. (15) just need to be solved only once for every load cycle. 245 The iterative procedure can be summarized as follows, for the iteration m: 246 
12
It is worth noting that the convergence of the compensation stress
where tol1 is a tolerance parameter which dynamically reduces according to the value of 265
The above procedure provides an efficient strategy to search the statically admissible Gauss points of the body for every vertex of a load cycle vanish, the structure shakes down. 277 4 Numerical procedure of the SCM for shakedown analysis 278 In section 3, the SCM presents an approach to calculating constant residual stress field for 279
shakedown analysis and provides a symbol to estimate whether the structure made up of the 280 elastic-perfectly plastic material shakes down. In this section, an iterative procedure well 281 suitable for shakedown analysis is proposed. 
Evaluation of an initial load multiplier 283
The numerical procedure starts with an initial load multiplier . Then the value of the initial load multiplier must be bigger 290 than that of the shakedown limit. 
Iterative procedure for shakedown analysis 292
The numerical procedure is made up of two iteration loops. The inner one controlled by 293 iteration m is used to obtain the compensation stress
at every load vertex and the 294 constant residual stress field for shakedown analysis. The outer one controlled by iteration k is 295 used to update the shakedown load multiplier. The iterative steps are then followed, for the 296 outer iteration k: 297 (1) Complete all of the steps in the inner loop, which is summarized in Section 3. 
Convergence and accuracy considerations 319
A robust and effective iterative control technique and some tolerance parameters are 320 adopted in the numerical procedure to ensure the calculation accuracy and efficiency of the 321 method. Beginning with an initial load multiplier above the shakedown limit, the novel SCM 322 procedure for the shakedown analysis will generate a series of descending load multipliers 323 that converge to the shakedown limit. 324 The tolerance parameter tol1 used to stop the inner loop, is the key factor to balance the 325 accuracy and efficiency of the algorithm. Small value of tol1 that represents the strict 326 convergence criteria will lead to a more sophisticated calculation of constant residual stress 327 field for shakedown analysis. calculated load multiplier will increase till its value exceeds the shakedown limit, and then the 340 iterative procedure goes on. A typical convergence procedure of the SCM for shakedown 341 analysis is illustrated in Fig. 3 . 342 Since that, the adopted shakedown criterion is based on the static shakedown theorem and 343 the entire conditions of the theorem are satisfied when the iterative procedure converges, the 344 calculated shakedown limit multiplier will be a lower bound to the actual shakedown solution. 345 In fact, the criterion in Eq. (35) is equivalent to the following form: 346
Because the value of  is no more than 0.5, the relative error of the calculated shakedown 
Bree problem 362
The first example is the Bree problem [37, 40, 46, 48, 49], which is a common benchmark 363 example of shakedown analysis for structures under mechanical and thermal loads. As 364 illustrated in Fig. 4 , the thin plate is subjected to a tension p  and a temperature difference Table 1 . 371
The plane stress Bree cases considering two loading paths ( Fig. 5a and b) 
Type-I 382
The first type (Type-I) is the classic Bree problem, where the thermal load is cyclic and 383 the mechanical load is constant. The analytical solution of the classic Bree problem for von 384 Mises yield criterion has been provided by Bree [48] , and the shakedown boundary can be 385 determined by two straight-line segments (Fig. 6) , that is 386 The SCM is used to calculate shakedown limits of the plate under various ratios of the 390 constant tension and the fluctuating temperature difference. As a result, the corresponding 391 numerical results are displayed in Fig. 6 , where the tension shakedown boundary. The slight differences can be explained with the failure mechanism of 400 the structure when it fails to shake down. If the alternating plasticity mechanism is decisive 401 for shakedown, the maximum stress point in the structure will dominate the shakedown limit. 402 The maximum stress points are located on the edges of the plate in this case; however, there is 403 19 no Gauss points on them. The stress via the finite element calculation will be slightly lower 404 than the actual stress at the edge. Thus, the computed shakedown limit by the SCM is slightly 405 higher than the analytical solution in the alternating plasticity region. This merely 406 demonstrates that the difference is due to the finite element solution. If the finite element 407 discretization is finer, we will obtain a nearer solution to the exact one. 408
Type-II 409
The second type (Type-II) is the modified Bree problem, where the thermal load and the 410 mechanical load vary proportionally. The analytical solution of the Type-II Bree problem for 411 von Mises yield criterion has been obtained by Bradford [49] , and the shakedown boundary 412 shown in Fig. 7 can be determined by 413
The SCM is used to calculate the shakedown boundary of the Type-II problem, and the 415 corresponding numerical results are displayed in Fig. 7 . That the maximum relative error 416 between the numerical results and the analytical solutions is no more than 0.9% demonstrates 417 the good accuracy of the SCM. 
Type-III 422
The third type (Type-III) is another modified Bree problem, where the thermal load and 423 the mechanical load vary independently. indicates that the procedure of the SCM is being carried out in its inner iterative loop and the 438 jump point indicates the procedure of the SCM is being carried out in its outer iterative loop. 439 As a result, the y-axial component residual stress field of the plate is displayed in Fig. 10  440 when the shakedown limit reaches. 
Square plate with a central circular hole 447
Tube sheets are usually used as supporting elements in heat exchangers and boilers. When 448 heated fluid passes through the tubes, the tube sheets undergo temperature difference, which 449 may cause thermal stresses in their bodies. The representative cell including a square plate 450 with a central circular hole (Fig. 11) is established to investigate the load-carrying capability 451 of tube sheets under variable mechanical and thermal loads. Table 1 . Then the loading domain becomes a plane in the space of load parameters, as shown in Fig.  486 12c. In order to depict the shakedown domain clearly, 205 load combinations in the 487 three-dimensional loading space are chosen for shakedown analysis of the plate, as illustrated 488 in Fig. 12d . It is worth noting that the blue line plotted in Fig. 12d Now we consider that the mechanical loads P1 and P2 keep constant, and the thermal load 492 varies, that is 493
Then the loading domain becomes a line in the space of load parameters, as shown in Fig. 12e . 495 122 load combinations in the three-dimensional loading space are chosen for shakedown 496 analysis of the plate, as illustrated in Fig. 12f . The proposed algorithm is adopted to calculate the shakedown limits of the plate for the 505 three cases. Fig. 13a, b and c show the three-dimensional shakedown domains of the plate for 506 case I, case II and case III, respectively. 507
From Fig. 13a , one can observe that the 111 shakedown limit points are located in two 508 intersecting planes, i.e., the plane A-B-C and the plane B-C-D. It is worth noting that the 509 shakedown limit points in these two planes are both dominated by alternating plasticity 510 mechanism. From Fig. 13b , it can be seen that the shakedown boundaries consist of the plane 511 25 B-C-D-E and the surface A-B-E, and that the shakedown domain expands comparing to that 512 in Fig. 13a . Moreover, the blue line B-D in Fig. 13b denotes the shakedown limits  513 corresponding to the load combinations of 21 =0.761  , which are plotted as blue line in 514 Fig. 12d . It is worth noting that the shakedown limit points in the plane B-C-D-E are 515 dominated by alternating plasticity mechanism, and the points in the surface A-B-E are 516 dominated by ratcheting mechanism. From Fig. 13c , one can observe that the shakedown 517 boundaries consist of two surfaces A-B-E-D, B-C-F-E and the plane D-E-F-G, and the 518 shakedown domain further expands comparing to that in above two cases. It should be noted 519 that the shakedown limit points in the plane D-E-F-G are dominated by alternating plasticity 520 mechanism, and the points in both the surface A-B-E-D and the surface B-C-F-E are 521 dominated by ratcheting mechanism. 522 In order to verify the failure mechanism that dominates the shakedown boundaries of the 523 plate for different cases, several individual step-by-step incremental elastic-plastic 524 calculations are conducted, as depicted by the red, black and blue markers with capital letters 525 M, N and P in Fig. 13b and c. In both Fig. 13b and Fig. 13c , the load combination marked 526 with red "M" indicates shakedown behavior, while the load combination marked with black 527 "N" indicates alternating plasticity behavior and the red load combination marked with blue 528 "P" illustrates ratcheting behavior. As results, details relating to the effective plastic strains 529 over the first 15 load cycles at a Gauss point of the plate from the load combinations M, N and 530 P (Fig. 13b) are displayed in Fig. 14. Fig. 15 shows the effective plastic strains over the first 531 30 load cycles at a Gauss point of the plate from the three load combinations M, N and P (Fig.  532   13c) . These results illustrate that the three load combinations M, N and P depicted in both Fig.  533 13b and Fig. 13c exhibit shakedown, alternating plasticity and ratcheting behavior, 534 respectively. The results from step-by-step incremental elastic-plastic analysis clearly reveal 535 the different failure mechanisms of the plate under various load combinations. To describe quantitatively these shakedown domains of the plate, numerical results of 550 shakedown analysis for some typical computed load combinations are given in Table 2 . It is 551 worth noting that these calculated shakedown limits are marked with capital letters in Fig. 13 . 552 Assuming that one of the loads is equal to zero, the three-dimensional loading space 553 degenerates into the two-dimensional loading space. Then the shakedown limit points will be 554 presented as two-dimensional plot. Fig. 16a shows the shakedown domains of the plate in 555 two-dimensional loading space when the thermal load vanishes for the three cases considered 556 above. Fig. 16b shows the shakedown domains of the plate in two-dimensional loading space 557 28 when the mechanical load P2 vanishes for the three cases considered above. 558 Table 2 Numerical results of shakedown analysis in three-dimensional loading space. results and these from [39] is mainly due to the different mesh discretization. From Fig. 16b , 569 we can observe that the present results are in good agreement with these from [39] but have 570 some differences with these from [46] . The slight discrepancy of the shakedown limits 571 29 between our results and these from [46] is also due to the different mesh discretization. 572
Thick vessel with nozzles
573
The third example is a thick vessel with nozzles, which is the key part of nuclear reactor 574 plant. One quarter of the geometric model is shown in Fig. 17 . During the regular operation, 575 the reactor plant works under steady temperature and pressure. However, the vessel will be 576 subjected to a large temperature gradient and varying pressure while the reactor plant shuts 577 down, starts up or undergoes abnormal operating cases. In order to conveniently simulate the 578 cyclic process of the start-up, shutdown and abnormal operating case during the whole service, 579 we assume that the temperature history     Considering the symmetry of the structure and the loading, only one quarter of the thick 591 vessel with nozzles is established. Fig. 19 shows the finite element model of the structure, 592
where the symmetric boundary conditions are used and the forces acting on the ends of the 593 vessel and nozzles are replaced with the equivalent uniformly distributed tensions to consider 594 closed end condition. In order to optimize the efficiency and accuracy of the calculation, the 595 finite element meshes around the stress concentration areas are refined properly. The mesh 596 discretization consists of 3358 elements and 16655 nodes. In calculations, the 20-node 597 quadratic brick elements (ABAQUS C3D20D) are used for the determination of the 598 temperature distribution and the 20-node quadratic brick elements with reduced integration 599 (ABAQUS C3D20R) are used for the structural stress analysis. 600 The material properties of the vessel with nozzles are given in Table 3 . shown in Fig. 20 , each of which represents a node on the inside or the outside surface of the 611 vessel respectively. Then the structural stress analysis is followed to calculate the thermal 612 elastic stress field and the mechanical elastic stress field. The dangerous moments for the 613 vessel with nozzles under thermal load are at 12000 s and 48000 s, which are just the final 614 moments of the start-up and the shutdown respectively. Fig. 21a and b show the temperature 615 field distributions of the vessel with nozzles at 12000 s and 48000 s, respectively. The 616 corresponding von Mises elastic stress fields are displayed in Fig. 22a and b , respectively. It 617 should be noted that although the distributions of von Mises elastic stress field in Fig. 22a and  618 b are the same, the directions of stress fields at 12000 s and 48000 s are opposite, and thus the 619 structure suffers from the maximum stress range between the two moments. The von Mises 620 elastic stress field of the vessel with nozzles under internal pressure is shown in Fig. 23 . 
Shakedown analysis 632
The SCM is used to calculate the shakedown limit of the thick vessel with nozzles. 633 Considering the randomness of the varying temperature gradient and internal pressure, four 634 vertices are used to define the loading domain (Fig. 24) , which include two instants for 635 thermal load at t = 12000 and 48000 s and two instants for pressure load at P = 0 and 15.5 636
MPa. The applied total elastic stress history consists of thermal and pressure components: Table 5 . It can be seen from Table 5 that, with 678 necessary accuracy of these calculations, the CPU time by the step-by-step analysis is more 679 than 40 times that by the SCM while the CPU time by the LMM is about 3 times that by the 680 SCM. The usage of the SCM is much cheaper and more efficient than the LMM and the 681 step-by-step analysis. 682 
